We give an explicit expression for the kernel of the error functional for Gaussian quadrature formulas with respect to weight functions of BernsteinSzegö type, i.e., weight functions of the form (1 -x)"(l + x)ß /p(x), x e (-1, 1), where a, ß £ {-\,\} and p is a polynomial of arbitrary degree which is positive on [-1, 1]. With the help of this result the norm of the error functional can easily be calculated explicitly for a wide subclass of these weight functions.
Introduction and notation
We consider Gaussian quadrature formulas with respect to a nonnegative weight function w on the interval [-1, 1], (1.1) / fix)wix)dx = YkjfiXj) + R"if,w), ■'-> j=i where x¡ = Xjt" are the zeros of the rath-degree monic orthogonal polynomial 7>"(-, w) and kj = kj," are the corresponding Christoffel numbers. If / is analytic in a domain D which contains in its interior the interval [-1, 1] and a contour T surrounding [-1, 1] , the remainder term can be represented as a contour integral (see, e.g., [3] )
Let us note that by (1.3), Kn(-, w) has the following series expansion:
(1.6) Kn(z, w) = Y R"%\W) for |z| > 1.
k=2n From (1.2) the following well-known estimate of the remainder, based on contour integration, follows:
(1.7) \Rnif, w)\ < l-^-max \Kn(z,w)\ max \f(z)\, in zer zer where l(T) denotes the length of Y.
Another useful method to estimate the remainder for a function analytic in Cr = {z £ C: \z\ < r), r > 1, has been suggested by Hämmerlin [4] , namely: For a function f(z) = Y^k=oak(f)zk analytic in Cr define |/|r := sup{\akif)\rk : k £ N0 and R"ixk , w) ¿ 0}.
Then, | • |r in the space
Xr := {f: f analytic in Cr and \f\r < co} is a seminorm. The error functional Rnif, w) is continuous in (3tr, | • \r), and we have !*,,(/, w)| <||Ä"|||/|r, where ||7?"|| can be estimated by (1.8) ¡¡R,H<tl-^r^.
k=2n
Equality holds (put /(z) = l/(r -z), resp. l/(r + z)) if for all k > 2« the condition (1.9) R"ixk,w) >0, resn.i-l)kR"ixk ,w)>P, is fulfilled. Since by [3, Theorem 2.1], proved in [2] , and the proof of Theorem 3.1 in [3] , the condition Thus, we see that for the estimation of the remainder it is very desirable to have an explicit expression for the kernel 7C"(z, w).
Very recently, Notaris [8] computed ||7?"|| explicitly for weight functions of the form (1.12) wix) = il -x)ail + x)ß/p2ix) for xe (-1,1), where a, ß £ {-\, \) and p2 is a polynomial of degree at most two which is positive on [-1, 1] and satisfies condition (1.10) or (1.11). For the special case when p2 is a polynomial of degree one or a particular even polynomial of degree two, this has been done before by Akrivis [1] (see also Kumar [5, 6] ). Let us also mention that a detailed study of the kernel function for the four Chebyshev weight functions, i.e., P2ÍX) = 1 in (1.12), can be found in Gautschi and Varga [3] . In this note we derive an explicit expression for the kernel AT"(z, iu)(||7?"||) for all Bernstein-Szegö weight functions w (which satisfy condition ( 
7)
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use where gm(z) = Ylf=oaJzmj an<^ 2y> resP-^j'» denotes the Chebyshev polynomial of degree y of the first, resp. second, kind on [-1, 1].
We mention in passing that if gm in (2.7) is replaced by a polynomial gm which also satisfies (2.4) but does not have all zeros in the open unit disk, then the polynomials on the right-hand side in (2.7) are not orthogonal with respect to waißi-, pm), a, ß £ {-j , ¿}. In fact (see [9, Corollary 5] , corresponding results hold also for a = -ß = ±¿), they are orthogonal with respect to a functional *F of the form
where L is a functional given by r h j=l K=l and the aVj's are those zeros of pm which correspond to the zeros of gm lying outside of the unit disk by (2.6), lj is the multiplicity of the zero aUj, and the Pkj's are certain real numbers. We now give the announced explicit expression for the kernel function Proof. Let 7? and S be monic polynomials of degree at most two such that R(y)S(y) = y2-i, and let us put for abbreviation P"ix) := Pnix, Rwi-, pm)) and P"ix) := P"ix, Swi-, pm)).
Using the simple fact that for k £Z and tp £[P, 2n] (2.8) [Rß{eik'gmiei'm2 + VMe"" gmie*)}]2 = \gmie'n\2, we get, using (2.7) and (2.4), that with I = n + dR-l, where 97? denotes the exact degree of R, (2.9) RP2 -SPf = knPm, where " " {2-2n+2/c for Rix) = 1, -2~2n/c for R(x) = x2 -1, (î)2-2"+1/c for7î(x) = x + l (x-1).
Furthermore, it follows from Theorem 3(a) of our paper [9] that for 2« > m+l-dR (2.10) RP2 -S(YP" + pmP(n{\)2 = dnPm , where P"\ denotes the associated polynomial of P" , i.e., pwiiy)= rl pnW-p^x)R{x)w{x,Pm)dx, where the second equality follows with the help of (2.16), (2.15), and (2.14), and the third equality with the help of (2.9). Now the following equalities hold on the circumference Izl = 1 :
(-iz + Z-X),wi-,Pm)) ,1
Since all functions appearing in (2.18) are analytic in the domain C\{0}, it follows that in (2.18) equality holds also on C\{0}. Hence, we get from (2.17) and (2.18) that for y e C\[-l, 1], on writing y = \(z + z'x) with \z\ < 1 ,
